Abstract. We study the existence of first integrals in nonholonomic systems with symmetry. First we define the concept of M-cotangent lift of a vector field on a manifold Q in order to unify the works [Balseiro P., Arch. Ration. Mech. Anal. 214 (2014) Second, we study gauge symmetries and gauge momenta, in the cases in which there are the symmetries that satisfy the so-called vertical symmetry condition. Under such condition we can predict the number of linearly independent first integrals (that are gauge momenta). We illustrate the theory with two examples.
Introduction
It is well known that for Hamiltonian systems with a group of symmetries the components of the momentum map are first integrals of the system. For nonholonomic systems the situation is different: symmetries do not necessarily give rise to first integrals. Nevertheless the search for first integrals is a central topic in the study of nonholonomic systems, and different ideas to link them to the presence of symmetries have been proposed and investigated [5, 9, 10, 11, 13, 15, 18, 19, 20, 21, 22, 24, 26, 27, 33, 35] . In this note we give a geometric interpretation of the notions of gauge symmetries 1 and gauge momenta introduced in [5] and further developed in [12, 14, 18, 19, 20] , inspired by the tools used in [1] to study the Hamiltonization problem of nonholonomic systems.
We start by considering a G-invariant nonholonomic system on a manifold Q given by a Lagrangian L : T Q → R and a constraint distribution D; we let M := Leg(D) be the constraint submanifold of T * Q, where Leg is the Legendre transformation (see, e.g., [7, 8, 17, 27, 30, 32] ).
This paper is a contribution to the Special Issue on Analytical Mechanics and Differential Geometry in honour of Sergio Benenti. The full collection is available at http://www.emis.de/journals/SIGMA/Benenti.html 1 It is worth noting that in this paper -as well as in [18, 19, 20] -the term gauge symmetry is related to the search of first integrals induced by the action of a Lie group and this concept has no connection with the term gauge transformation used in [1] to "deform" brackets.
For each section ξ of the Lie algebra bundle g × Q → Q we consider the function J ξ : M → R given by J ξ := i ξ M Θ M , where Θ M is the canonical 1-form on T * Q restricted to the submanifold M and ξ M the infinitesimal generator of ξ on M. We call ξ ∈ g × Q a gauge symmetry and J ξ a gauge momentum if the cotangent lift ξ T * Q Q of the infinitesimal generator ξ Q of ξ leaves the Hamiltonian H invariant on M. If ξ Q is also a section of the constraint distribution then J ξ is a first integral of the nonholonomic dynamics, called horizontal gauge momentum and ξ is the horizontal gauge symmetry that generates it.
In this paper, we introduce the notion of M-cotangent lift of a vector field on Q and show that searching for a horizontal gauge symmetry amounts to looking for a section ξ of g × Q → Q such that the M-cotangent lift of its infinitesimal generator ξ Q leaves the hamiltonian function invariant. Following [1] , we observe that, upon suitable assumptions, the choice of a vertical complement W of the constraint distribution D induces a splitting of g × Q → Q in such a way that horizontal gauge symmetries ξ are geometrically characterized as projections of constant sections. This geometric description of horizontal gauge symmetries is alternative to the differential equations considered in [5, 18] . Moreover, if k is the rank of the distribution given by the intersection of D with the vertical space (the tangent space to the G-orbits), then we show that there are k linearly independent horizontal gauge momenta.
The paper is organized as follows. In Section 2 we recall some facts about nonholonomic systems with symmetry and gauge momenta. In Section 3, we characterize horizontal gauge symmetries with respect to the M-cotangent lift and then, using a vertical complement of the constraints, we describe the horizontal gauge momenta in terms of Lie algebra elements. Section 4 illustrates the theory with two examples. We finish with a section of conclusions and perspectives.
Throughout the paper all manifolds, distributions and maps are smooth; the distributions are assumed to be regular and the group actions are free and proper.
2 Preliminaries: conserved quantities in nonholonomic mechanics
Nonholonomic systems with symmetry
Nonholonomic systems. Let us denote by (Q, L, D) a nonholonomic system on a manifold Q defined by a Lagrangian L : T Q → R of mechanical type and a (non-integrable) distribution D on Q describing the permitted velocities. The constraint submanifold M ⊂ T * Q is defined by M := κ (D), where κ is the kinetic energy metric that induces the isomorphism κ :
Note that since κ is linear on the fibers, then M is a vector subbundle of T * Q; we denote by τ M : M → Q the canonical projection. If H : T * Q → R is the Hamiltonian function associated to L, then we denote by H M : M → R the pull-back of the Hamiltonian H to M, i.e., H M = ι * H, where ι : M → T * Q is the natural inclusion. Moreover, we define Ω M the 2-form on M given by Ω M := ι * Ω Q , where Ω Q is the canonical 2-form on T * Q. Let C be the non-integrable distribution on M given, at each m ∈ M, by
The nonholonomic dynamics is described by the integral curves of the vector field X nh on M defined by
where Ω M | C denotes the restriction of Ω M to C. Since the vector field X nh takes values on C, we say that it is a section of the bundle C → M, i.e., X nh ∈ Γ(C). It is important to note that the solution X nh satisfying (2.1) is unique since the 2-section Ω M | C is nondegenerate [6] . The vector field X nh is also called the nonholonomic dynamics or the nonholonomic vector field.
In this setting, a function f on M is a first integral of X nh (or f is conserved by X nh ) if and only if X nh (f ) = 0. From (2.1) f ∈ C ∞ (M) is a first integral if and only if X f (H M ) = 0, where X f ∈ X(M) is the nonholonomic Hamiltonian vector field 2 on M defined by
Observe that the nonholonomic Hamiltonian vector field X f given in (2.2) is a section of C → M, i.e., X f ∈ Γ(C). Moreover, since Ω M | C is nondegenerate, equation (2.2) induces an almost Poisson bracket {·, ·} nh on M called the nonholonomic bracket [25, 28, 34] . In fact, for every f, g ∈ C ∞ (M) the nonholonomic bracket {·, ·} nh is defined by {f, g} nh = −X f (g), where X f is the unique vector field on M (with values in C) that satisfies (2.2). Hence, f ∈ C ∞ (M) is a first integral of the nonholonomic dynamics if and only if {f, H M } nh = 0, in which case we say that the functions f and H M are in involution.
As it is well known there is a correspondence between almost Poisson brackets {·, ·} on a manifold M and bivector fields π ∈ Γ Λ 2 (T M ), defined by π(df, dg) = {f, g}, for f, g ∈ C ∞ (M) (see, e.g., [29] ). Throughout the paper we will work indistinguishably with almost Poisson brackets and bivector fields. We denote by π : T * M −→ T M the map such that β(π (α)) = π(α, β). In our context, the nonholonomic bracket {·, ·} nh induces the nonholonomic bivector field π nh and the nonholonomic dynamics is given by the vector field
Symmetries. Let G be a Lie group acting on Q freely and properly. We say that the G-action is a symmetry of the nonholonomic system (Q, L, D) if the tangent lift of the action to T Q leaves L and D invariant. In this case, the cotangent lift of the G-action to T * Q leaves the constraint submanifold M invariant and thus it induces, by restriction, a G-action on M:
It is straightforward to see that the Hamiltonian H M and the nonholonomic bracket {·, ·} nh are G-invariant [25, 28] .
Let us denote by V the distribution on Q whose fibers V q , for q ∈ Q, are the tangent spaces to the orbits of G in Q, that is V q = T (Orb q (q)). Equivalently, V is the distribution on M such that for each m ∈ M the fiber V m is the tangent space to the orbit of G in M. Since the action on M is lifted from an action on Q then, for each m ∈ M, the fibers V m and V τ M (m) are diffeomorphic. We call V and V the vertical spaces associated to the G-action on Q and on M, respectively. For each η ∈ g, where g denotes the Lie algebra of G, η Q and η T * Q denote the infinitesimal generator associated to the G-action on Q and on T * Q, respectively. Since M is an invariant submanifold of T * Q, for each η ∈ g the infinitesimal generator
Consider the distributions S and S on Q and M, respectively, given by
for q ∈ Q and m ∈ M. The distribution S induces a vector subbundle g S → Q of the trivial vector bundle g × Q → Q, defined by
where ξ Q (q) := (ξ q ) Q (q). Observe that, for ξ ∈ Γ(g × Q), the corresponding infinitesimal generator ξ M of the lifted action on M is defined by ξ M (m) := (ξ q ) M (m) ∈ Γ(V) having in mind that, for a fixed q ∈ Q, ξ q ∈ g.
The nonholonomic momentum map [9] J nh : M → g * S is given 3 , at each m ∈ M and ξ ∈ Γ(g S ), by
where Θ M is the pull-back to M of the canonical 1-form Θ Q on T * Q via the natural inclusion ι, i.e., Θ M := ι * Θ Q , see [1, 9] .
Remark 2.1. The nonholonomic momentum map can be evaluated at non-constant sections of the bundle g × M → M. If there is a constant section η ∈ g such that η ∈ Γ(g S ), then J nh , η = J , η , where J : M → g * is the restriction to M of the canonical momentum map defined on T * Q.
As it is already well known [5, 14, 18] , the nonholonomic momentum map gives a candidate for a first integral of a nonholonomic system with symmetry. In fact, by (2.4), for ξ ∈ Γ(g S ),
where in the last equality we use the G-invariance of the Hamiltonian H M . We conclude that for a section ξ ∈ Γ(g S ), the function J nh , ξ is constant along the flow of the nonholonomic dynamics if and only if (
Conserved quantities and cotangent lifts
Given a vector field X on Q, we denote by X T * Q the cotangent lift of X to T * Q. Recall that the cotangent lift of X is the infinitesimal generator of T Φ X t : T * Q → T * Q, where T Φ X t is the lift to T * Q of the flow Φ X t of X with respect to the canonical projection τ Q : T * Q −→ Q. In other words, the cotangent lift of X can be expressed as a Hamiltonian vector field with respect to the canonical symplectic structure on T * Q. That is, given X ∈ X(Q) we denote byX the linear function on T * Q given byX(α) = α(X) for α ∈ T * Q, then X T * Q = −π Q (dX), where π Q is the bivector field associated to the canonical symplectic form Ω Q . In local coordinates, if {X i } is a local basis of T Q and (q, p i ) denote the local coordinates in T * Q associated to the dual basis
where [29] . In this paper, we will focus on the cotangent lift ξ
However this is not necessarily true if we consider non-constant sections ξ ∈ Γ(g × Q), indeed the lift of a section in Γ(V ) might not be tangent to the orbits of the lifted action to T * Q. On the other hand, for a section ξ ∈ Γ(g × Q) we have that the corresponding linear function of ξ Q is given byξ Q = i ξ T * Q Θ Q = J, ξ and thus
Following [18, 19] we say that a gauge symmetry of a nonholonomic system (Q, L, D) with symmetry G, is a section ξ of g × Q → Q such that the cotangent lift ξ generator ξ Q leaves the Hamiltonian H invariant on M, i.e., ξ
The gauge momentum J ξ : M → R of a gauge symmetry ξ is the function
Next proposition clarifies the link between gauge momenta and first integrals When a gauge symmetry ξ is also a section of g S we say that ξ and, with a slight abuse, ξ Q are D-gauge symmetries or horizontal gauge symmetries. In this case, the first integral J ξ is a D-gauge momentum or an horizontal gauge momentum. If ξ ∈ Γ(g S ) is a constant section (i.e., ξ ∈ g such that ξ Q ∈ Γ(D)), then ξ is called a D-symmetry or an horizontal symmetry [9, 18] .
Remarks 2.3.
(i) Observe that the nonholonomic momentum (2.4) and the gauge momentum (2.7) coincide.
In fact, for ξ ∈ Γ(g S ) and for all m ∈ M,
(ii) In [20] the definition of gauge momenta is given without the hypothesis of invariance of the Hamiltonian. However, in this paper the cases of interest are the ones in which the Hamiltonian is invariant. For a discussion of this see [20] .
3 Gauge-symmetries and the relation with a vertical complement of the constraints
The M-cotangent lift
In this section, we study horizontal gauge symmetries in terms of vector fields and functions on M, in order to unify the viewpoints of Sections 2.1 and 2.2. Following [6, 17] we recall that, for all m ∈ M
where
the projection associated to decomposition (3.1), then to every X ∈ X(T * Q) we can associate a vector field on M with value on C by T C (X) ∈ Γ(C). Moreover, for each m ∈ M,
2) is independent from the choice of the extension, see [25, 33] .
where, in this case, f i represents the pull back of the functions f i to M;
where we keep the notation f i to denote the pull back of the functions f i to T * Q. Item (ii) is a consequence of (2.6) and Definition 3.1.
Next, we give another insight of Proposition 2.2 but in terms of M-cotangent lifts and the nonholonomic momentum map and we prove it using the geometrical approach of Section 2.1.
(ii) The function J nh , ξ is a first integral of the nonholonomic dynamics X nh if and only if ξ
On the other hand, using Lemma 3.2(i) and since the hamiltonian
Item (ii) is a trivial consequence of (i) since, as already seen in (2.5), for ξ ∈ Γ(g S ) the function J ξ = J nh , ξ is conserved if and only if £ ξ M Θ M (X nh ) = 0, which is equivalent to ask for ξ
Remark 3.4. Given a symplectic manifold (P, Ω), a Cartan symmetry Z ∈ X(P ) of a Hamiltonian vector field X H is a vector field satisfying Z(H) = 0 and £ Z Ω = 0 [16] . In our setting, if ξ is an horizontal gauge symmetry then ξ M (H M ) = 0 but £ ξ M Ω M = dα, where α is a 1-form on M such that α(X nh ) = 0. Thus ξ M ∈ X(M) could be interpreted as a nonholonomic Cartan symmetry for the nonholonomic system (M, π nh , H M ). On the other hand in [15, Theorem 1] a Cartan-type symmetry of a nonholonomic systems is a vector field that leaves the Hamiltonian invariant and such that α(X) = 0 for all X ∈ Γ(C), while we ask only for α to annihilate only X nh . In fact, we will see in Example 4.2 that the Chaplygin ball satisfies that α| C = 0. Proposition 3.3 gives a characterization of horizontal gauge symmetries and horizontal gauge momenta in terms of the M-cotangent lifts, so we conclude Corollary 3.5. Consider a nonholonomic system (Q, L, D) with symmetry G. A section ξ ∈ Γ(g S ) is a horizontal gauge symmetry if and only if the M-cotangent lift ξ M Q of the infinitesimal generator ξ Q leaves the Hamiltonian H M invariant. In this case, the associated horizontal gauge momentum is the first integral J ξ : M → R given by
Proof 
From Proposition 3.3 we see that the problem of finding a first integral of the nonholonomic dynamics -that is a horizontal gauge momentum -is reduced to finding a section ξ ∈ Γ(g S ) such that ξ M Q (H M ) = 0. Still, the choice of such a section ξ ∈ Γ(g S ) is not canonical. However, it was seen in [1] that, under certain circumstances, there is a "natural" choice of a section ξ ∈ Γ(g S ) so that J ξ is a first integral. This section ξ depends on the choice of a vertical complement of the constraints. We will investigate and relate these view-points in the next section.
Splitting adapted to the constraints and the vertical symmetry condition
Consider a nonholonomic system (Q, L, D) with a G-symmetry. We say that the G-symmetry verifies the dimension assumption if
or equivalently if
Let us consider a G-invariant vertical complement W of the constraints D, that is, a Ginvariant distribution on Q such that for each q ∈ Q,
and
Let now W be the distribution on M given, at each m ∈ M, by
Splitting (3.4) induces a splitting of V or equivalently, (3.5) induces a splitting of V:
Therefore, the Lie algebra g admits a splitting induced by (3.6) given, at each q ∈ Q, by
where g W → Q is the vector subbundle of the trivial vector bundle g × Q → Q defined by
Let us denote by P g S : g → g S and P g W : g → g W the projections associated to decomposition (3.7).
Remark 3.6. For every η ∈ g we have that P D (η Q ) = (P g S (η)) Q and P C (η M ) = (P g S (η)) M , where P D : T Q → D and P C : T M → C are the projections associated to the decompositions (3.4) and (3.5), respectively.
Definition 3.7 ([1, Section 4.4])
. We say that W satisfies the vertical symmetry condition if g W is a trivial bundle over M, that is, if g W is a Lie subalgebra of g.
When the vertical symmetry condition is satisfied there is a natural candidate to be chosen as horizontal gauge symmetry. In order to properly state next proposition, we need to introduce a 2-form, denoted by J , K W (see [1] ), arising from the data that defines a nonholonomic system with a G-symmetry satisfying the dimension assumption (3.3). More precisely, a G-invariant vertical complement W induces a g-valued 1-form A W : T M → g defined by A W (v m ) = ξ if and only if P W (v m ) = ξ M (m) for each m ∈ M, where P W : T M → W is the projection associated to decomposition (3.5). Then, the associated W-curvature is the g-valued 2-form on M given by
Finally J , K W is the 2-form on M defined by the natural pairing between J : M → g * -the restriction to M of the canonical momentum map -and the g-valued 2-form K W .
Proposition 3.8. Suppose that the G-invariant vertical complement W satisfies the verticalsymmetry condition. If for η ∈ g we have that
is a first integral of the nonholonomic dynamics X nh , which is linear in the momenta.
Assertion (ii) is just a consequence of Proposition 3.3(ii), since P g S (η) ∈ Γ(g S ) and it is a generator of the first integral f η .
In other words, if W satisfies the vertical symmetry condition and
then, for η ∈ g, P g S (η) ∈ Γ(g S ) is a horizontal gauge symmetry and f η is the associated horizontal gauge momentum.
Remark 3.9. When W satisfies the vertical symmetry condition, there is a Lie subgroup G W of G integrating the Lie algebra g W and the nonholonomic system is G W -Chaplygin, see [2] . The reduction of the nonholonomic system (on the Lagrangian side) by the Lie group G W gives the Lagrange d'Alembert Poincaré equations on T (Q/G W ). However there is a remaining Lie group denoted by H = G/G W that is a symmetry of the equations on T (Q/G W ). The coordinate version of condition (3.8) appears already in [35, Theorem 6] but written on T (Q/G W ), after performing the reduction by G W .
Proposition 3.10. Consider a nonholonomic system (Q, L, D) with a G-symmetry that satisfies the dimension assumption. If the vertical complement W satisfies the vertical symmetry condition and also if J , K W (X nh , η M ) = 0 for all η ∈ g, then there are k := rank S linearly independent horizontal gauge momenta of the form
for η ∈ g.
Proof . By the vertical symmetry condition, let us consider a basis of constant sections {η 1 , . . . , η n } of g W . Complete now the basis so that B = {η 1 , . . . , η k ,η 1 , . . . ,η n } is a basis of g (i.e., η i are constant sections of g × Q → Q). Let us define f i = J nh , P g S (η i ) , i = 1, . . . , k. We claim that f i , i = 1, . . . , k are k functionally independent first integrals of the nonholonomic dynamics. Since J , K W (X nh , P g S (η i ) = 0, i = 1, . . . , k, the functions f 1 , . . . , f k are constants along the motions by Proposition 3.8. To see that they are functionally independent, we need to show that the function F = (f 1 , . . . , f k ) : M −→ R k is a submersion. Now suppose that c i d J nh , P g S (η i ) = 0 on M for (c 1 , . . . , c k ) ∈ R k and (c 1 , . . . , c k ) = (0, . . . , 0) (or at least that
On the other hand, again using [1, Theorem 6.5(ii)] (as in proof of Proposition 3.8) we have that
that is in contradiction with the choice of our basis.
Examples

Vertical rolling disk
We consider a (homogeneous) disk which is constrained to roll without sliding on a horizontal plane while standing vertically [9, 18, 30, 32] . The configuration manifold is Q = R 2 × S 1 × S 1 with coordinates (x, y, ϕ, ψ), where (x, y) ∈ R 2 are Cartesian coordinates of the contact point, ψ is the angle between the x-axis and the projection of the disk on the plane and ϕ is the angle between a fixed radius of the disk and the vertical. Assuming that the disk has unit mass the Lagrangian is
where I and J are the pertinent moments of inertia. The nonholonomic constraints describing the rolling motion without slipping are given bẏ x = R cos ψφ,ẏ = R sin ψφ, and they define the constraint distribution D on Q with fibers
The group SE(2) × S 1 is a symmetry of the system with respect to the action on Q given by
for (a, b, λ) ∈ SE(2) and µ ∈ S 1 . Let us now pass to the Hamiltonian formulation on the cotangent bundle. In canonical coordinates (x, y, ϕ, ψ; p x , p y , p ϕ , p ψ ) on T * Q, the constraint submanifold M is given by
and since the Hamiltonian on
Observe that the vertical distribution V has fibers V (x,y,ϕ,ψ) = span{∂ x , ∂ y , ∂ ϕ , ∂ ψ }, and that S = V ∩ D = D. Therefore the vertical complement W can be chosen to be W = span{∂ x , ∂ y } and we can check that it satisfies the vertical symmetry condition, Definition 3.7. Moreover J , K W = 0 (see [1] ), since
and the W-curvature is K W = (sin ψdψ ∧ dϕ, − cos ψdψ ∧ dϕ, 0, 0). Thus the hypotheses of Propositions 3.8 and 3.10 are satisfied and then the system admits two independent horizontal gauge momenta. Since g S = span{(R cos ψ, R sin ψ, 1, 0), (−y, x, 0, 1)}, g W = span{(1, 0, 0, 0), (0, 1, 0, 0)}, then
are horizontal gauge symmetries. In fact, the associated M-cotangent lifts are (ξ 1 )
I + 1 p ϕ and J 2 = J nh , ξ 2 = p ψ are horizontal gauge momenta.
The ball rolling on a plane
Consider the classical example of a inhomogeneous ball of radius r whose center of mass coincides with the geometric center of the ball that rolls without sliding on a plane [10, 12] . We will follow the notation and viewpoint of [1, 23] . The configuration manifold is Q = SO(3) × R 2 where g ∈ SO(3) represents the orientation of the ball and (x, y) ∈ R 2 the point of contact of the ball with the plane. Consider the (left invariant) moving frame
given by left translations of the canonical basis {e 1 , e 2 , e 3 } of so(3) R 3 and denote by Ω = (Ω 1 , Ω 2 , Ω 2 ) the angular velocities of the body with respect to this moving frame. Then, the non-sliding constraints are given bẏ
where α and β are the first and second rows of the matrix g ∈ SO(3) and ·, · is the canonical pairing in R 3 . The non-integrable distribution D is then generated by
Let us consider the action of the Lie group
whereh is the 2×2 rotational matrix determined by h. This action is a symmetry of the nonholonomic system since it leaves invariant the distribution D and the lagrangian L(g, x, y; Ω,ẋ,ẏ) =
, where I the inertia tensor (I is represented by a diagonal matrix with entries I 1 , I 2 , I 3 ). Note that the Lie algebra g associated to G is R × R 2 with the trivial structure and also
where γ = (γ 1 , γ 2 , γ 3 ) is the third row of the rotational matrix g and X = (X 1 , X 2 , X 3 ). Therefore, we can choose the vertical complement W to be W = span{Z 1 := ∂ x , Z 2 := ∂ y } and then g S = span{(1; y, −x)} and g W = span{(0; 0, 1), (0; 1, 0)}. Now we will define the submanifold M ⊂ T * Q. Let us denote by λ = (λ 1 , λ 2 , λ 3 ) where {λ 1 , λ 2 , λ 3 } is the (local) basis of T * (SO(3)) that is dual to the moving frame {X L 1 , X L 2 , X L 3 }. Following [1, 23] we consider the basis {λ 1 , λ 2 , λ 3 , x := dx−r β, λ , y := dy +r α, λ } of T * Q that is dual to the adapted basis
are the coordinates on T * Q associated to the dual basis, the submanifold M is given by
An arbitrary section ξ ∈ Γ(g S ) has the form
for φ ∈ C ∞ (Q) and also we where we denote φ = φ(g, (x, y)). Then from Lemma 3.2 the M-cotangent lift of ξ is
where we used that
to guarantee that ξ is a horizontal gauge symmetry and so J ξ = J nh , ξ is a first integral. However, we can check that the vertical complement W satisfies the vertical symmetry condition (see Definition 3.7) and therefore we have a natural candidate for the horizontal gauge symmetry: from Proposition 3.8, ξ = P g S (1; 0, 0) = (1; y, −x) is a horizontal gauge symmetry if J , K W (X nh , ξ M ) = 0 where, in this case, ξ M = γ, X . From [1] we have that
It is easy to check that J , K W (X nh , γ, X ) = 0 for X nh = Ω, X + K × Ω, ∂ K . Therefore the section ξ = P g S (1; 0, 0) = (1; y, −x) is the horizontal gauge symmetry and J ξ = i γ,X Θ M = γ, K is a first integral of the dynamics, i.e., J ξ is a horizontal gauge symmetry. From Proposition 3.10 we observe that rank S = 1 and so J ξ is the only (up to constants) horizontal gauge symmetries of the form (3.9).
Remark 4.1. Observe that £ ξ M Ω M = dJ ξ − mr Ω, dγ + Σ where Σ satisfies that Σ(X) = 0 for all X ∈ Γ(C). However, it is easy to check that mr Ω, dγ | C = 0 and therefore, the vector field ξ M = γ, X is not a Cartan symmetry in the sense of [15] , see Remark 3.4.
Conclusions and perspectives
The main goal of this work is to show how certain first integrals linear in the momenta of a nonholonomic systems with a G-symmetry might be generated by the symmetry group. In particular, in Definition 3.1 and Corollary 3.5 we define the M-cotangent lift and we use it to characterize horizontal gauge symmetries. Then, under the dimension assumption (3.3), the tangent bundle can be splitted (see (3.4) ) in the direct sum of the constraint distribution D and a vertical complement W . If W satisfies the so-called vertical symmetry condition (Definition 3.7), Proposition 3.8 guarantees that the nonholonomic system admits horizontal gauge momenta induced by elements of the Lie algebra, while Proposition 3.10 tells that the number of (linearly independent) horizontal gauge momenta is given by the rank of the distri-
It is important to note that the choice of the vertical complement W is not unique. Usually, the most natural choice for W is a complement that satisfies the vertical symmetry condition, as we did in Examples 4.1 and 4.2. This condition is a 'natural' condition that arises in the framework of reduction and Hamiltonization, see [1] . However, in some cases choosing a complement that satisfies the vertical symmetry condition might be too strong to study a group origin of first integrals (linear in the momenta). The cases where we need a vertical complement W that does not satisfy the vertical symmetry condition is our topic of future work and investigation.
More precisely, in the following example we show that when we choose a complement W satisfying the vertical symmetry condition then, for η ∈ g, J , K W (X nh , (P g S (η)) M ) = 0 (cf. Proposition 3.8). However, the choice of a different vertical complement W allows us to write the horizontal gauge symmetry in terms of a section P g S (η) ∈ Γ(g S ) for η ∈ g; but in this case the vertical complement W does not verify the vertical symmetry condition.
Example 5.1 (the nonholonomic particle [5, 32] ). The classical example of the nonholonomic particle describes a particle in R 3 subjected to the nonholonomic constraintsż = yẋ and where the Lagrangian is the canonical kinetic energy metric on R 3 . Then, in canonical coordinates the distribution D has fibers D (x,y,z) = span{∂ y , ∂ x + y∂z}, the constraint manifold is M = {(x, y, z; p x , p y , p z ) : p z = yp x }, and the restricted Hamiltonian is H M = 1 2 ((1 + y 2 )p 2 x + p 2 y ). The nonholonomic vector field is
It is well known that the function f (x, y, z, p x , p y ) = p x 1 + y 2 is a first integral of the system and that it is a horizontal gauge momentum, with respect to the G-symmetry given by the translational action of R 2 on R 3 . The vertical space associated to the G-action is V = span{∂ x , ∂ z }, and the subbundle g S is locally generated by {(1, y)}. Then the function f is a horizontal gauge momentum with horizontal gauge symmetry ξ = 1 + y 2 (1, y) ∈ Γ(g S ), i.e., ξ T * Q Q (H)(m) = 0 for m ∈ M and thus f = J ξ (see [18] ). Now we are going to give a geometric interpretation of ξ in terms of the tools of Section 3, that is, by choosing a vertical complement of the constraint distribution. An obvious choice for the G-invariant vertical complement W so that it satisfies the vertical symmetry condition is W = span{∂ z }. 5 Observe that g W = span{(0, 1)}. It is straightforward to check that for any (a, b) ∈ g = R 2 , P g S ((a, b)) = a(1, y), so there is no element η ∈ g such that P g S (η) gives the horizontal gauge symmetry ξ = 1 + y 2 (1, y). Indeed, using that J , K W = yp x dx ∧ dy, we check that J , K W (X nh , (P g S ((1, 0) )) M ) = 0 (see [1] ).
However, it is possible to change W in order to obtain a horizontal gauge symmetry and a horizontal gauge momentum of the form P g S (η) ∈ Γ(g S ) and f η = J nh , P g S (η) . Consider the G-invariant vertical complement W whose fibers are given by W (x,y,z) = span 1 − 1 + y 2 ∂ ∂x + y ∂ ∂z .
(5.1)
The splitting (3.7) of the Lie algebra g is given by g S = span{(1, y)} and g W = span 1 − 1 + y 2 , y .
Observe that W does not satisfy the vertical symmetry condition, however P g S ((1, 0)) = 1 + y 2 (1, y) = ξ, where P g S : R 2 → g S is the projection associated to the splitting defined in (5.2). Observe that the projection P g S is induced by the choice of the vertical complement W given in (5.1). In this case, the horizontal gauge momentum f is exactly f = J nh , P g S ((1, 0)) .
It is then clear that a deeper study of this topic is necessary as a more geometric understanding of the Noetherian character (see [18, 19] ) of horizontal gauge momenta (see [4] ).
